This work is concerned with the numerical treatment of initial-boundary value problem for linear parabolic equations by a small parameter with the time derivative term. This problem is reduced to a stiff system of ODEs in time.The resulting system is solved by applying the restrictive Pade approximation of matrix exponentials. Numerical results are given and the method gives better results compared with the classical Pade approximation treatments.
1.INTRODUCTION
A restrictive Pade approximation technique is applied to many different problems. It has high accurate results in all cases. It was acting like an accelerating technique in some applications, and has other advantage features like satisfying very small absolute errors whatever the exact solution is too large in the model problem. [1] , [2] , [3] .Here we use this method to approximate the solution of the singularly perturbed parabolic partial differential equation which arises in the modeling of various physical processes. The outline in the present paper is as follows. In Section 2, we present the statement of the problem and approximate u" by the usual three-point difference formula. By doing so the problem is reduced to a stiff system of ordinary differential equations (ODES) in the time variable. In section 3, we define and explain the concept of restrictive Pade. In Section 4, the finite difference schemes approximating the solution of the model problem are derived. Numerical results and conclusion are presented in Section 5.
2.THE PROBLEM , DISCRETIZATION IN SPACE AND REDUCTION TO A SYSTEM OF ODES
We consider the singularly perturbed parabolic partial differential equation:
with initial condition:
and boundary condition:
where S>0 is small, k is a given positive constant and f(x,t) is a given heat source. By the usual three-point difference approximation to u,,,
the resulting semi-discrete approximation U(ih,t) to u(x,t) of (1) satisfies:
This can be written in the matrix form:
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where U(t) is a column vector with N components :
A='
The solution of this system of ordinary differential equations (3) is clear by using Varga [6] :
We now assume that the source heat f(x,t) and the boundary conditions are time independent and consequently the vector F(t) of (3) will be also time independent and the solution of (3) takes the simple vector form (51:
Considering the Pade approximation of the order (n/m) to the exponential exp(-&A) we get this approximate solution to our system of equations (3).
U(t,, +At)= A-I F +Pc",(n/m)[U(t")-.4-'F] (4)
In the next section we consider the restrictive Pade approximation .
3.RESTRICTIVE PADE APPROXIMATION:
The restrictive Pade approximation of the function f(x) is a particular type of rational approximation , it can be written in the form :
where the positive integer a does not exceed the degree of the numerator N , i.e.
the unknowns a, b, and e, are to be determined.
Let f(x) have a Maclaurin series f(x)= x' , ..0 (7) from equations (5) - (7) we get:
(Eci
The vanishing of the first ( M+N+1 ) powers of x on the left-hand side of (8) implies a system of (M+N+1) equations, and let
imply a system of a equations. It means that the considered approximation is exact at the (a+1) Points (x0 ,x2 ,...,x,,). Then the ( M+N+ a +1) coefficients bi , i= 1(1)N, ai , i = 0(1)M and e i , i = 1(1) a can be derived from these systems. 
4.DERIVATION OF THE FINITE DIFFERENCE SCHEMES USING THE RESTRICTIVE PADE APPROXIMATION
Taking for simplicity k=1 and g(t)=0 ,equation (9) 
UN ,
This gives the equivalent scalar form: 
Stability conditions
Using the matrix method, the eigenvalues of the amplification matrix of equation (10-1) are:
which gives the stability condition for the given algorithm.
For the scheme (10-2), the eigenvalues of the amplification matrix are:
the suggested method will be stable when 12,15_1 i.e. 
5.NUMERICAL EXAMPLE
In this Section we presei.1 the results of a numerical experiment applying the schemes described in this paper to the following numerical example
x e [0,1) (11-2) and boundary condition:
which has the exact solution:
Taking N=9 i.e. h=0.1, we calculate the solution at the time t=10 -3 studying two cases the first if the exact ;olution is known at the first level and the second without knowing the exact solution, we estimate a highly accurate method to know the solution at the first level, as following:
The first case:We apply the implicit methods (10-1) and (10-2) on the problem (11), the unknown parameter e is to be determined, then we must know an additional condition ,u (x,k) to be given, i.e. U(x, At) = u(x, At) ,then E is given such that the truncation error for certain value of r is equal zero. Then we use this value in the finite difference scheme for approximating the solution in the other levels . In table (1) table ( 2)
The second case:In this case we use Crank-Niclson method to find the solution at the first level with taking a smaller mesh width h1=0.001 and by considering 100 steps to this first level , thus the result is given by a higher accurate method . Then we are proceeding as in the first case. We get the results in Tables (3) and ( 
